We propose an alternative formulation for the exact relations in three-dimensional homogeneous turbulence using two-point statistics. Our finding is illustrated with incompressible hydrodynamic, standard and Hall magnetohydrodynamic turbulence. In this formulation, the cascade rate of an inviscid invariant of turbulence can be expressed simply in terms of mixed second-order structure functions. Besides the usual variables like the velocity u, vorticity ω, magnetic field b and the current j, the vectors u × ω, u × b and j × b are also found to play a key role in the turbulent cascades. The current methodology offers a simple algebraic form which is specially interesting to study anisotropic space plasmas like the solar wind, with in principle a faster statistical convergence than the classical laws written in terms of third-order correlators.
Introduction. Turbulence is said to be the last unsolved problem of classical mechanics. Despite being ubiquitous in nature, the highly non-linear character of turbulence renders it challenging to be studied analytically. Most of the theoretical studies of turbulence is based on intuitive phenomenological ideas and numerical simulations. There exists only a few analytical relations which are 5 derived analytically by using a two-point statistics. These relations are called exact relations and they are certainly among the most important elements in the statistical theory of strong turbulence. Exact relations express the mean transfer rate (denoted by ε) of an inviscid invariant of turbulence (e.g. kinetic energy in incompressible hydrodynamics, cross-helicity in incompressible 10 magnetohydrodynamics (MHD)) in terms of the length scale and the statistical moments of two-point fluctuations of different variables (e.g. velocity, magnetic field etc.). Unlike the phenomenological predictions, these analytical relations give an accurate measure of ε which characterises the universality of a turbulent system in physical space.
The simplest result in this domain is certainly the pioneering four-fifths law of Kolmogorov [1, 2] (see also [3] for the four-thirds law) for incompressible hydrodynamics which reads
where δX denotes the difference of a physical quantity X (here the fluid velocity u) between two arbitrary points x and x ′ ≡ x + ℓ ℓ, ℓ = |ℓ ℓ|, δu ℓ = δu · ℓ/ℓ, · stands for an ensemble average and ε is the mean cascade rate of energy (which is also equal to the mean energy dissipation rate (per unit mass) for stationary turbulence). This law describes a universal property of a threedimensional, homogeneous, isotropic turbulence in the physical space and in the limit of vanishing kinematic viscosity. Later, Monin and Yaglom [4] proposed a differential form of the above relation without using the isotropy assumption, i.e. ∇ ∇ ℓ ℓ · δu 2 δu = −4ε .
This type of statistical law has also been derived for passive scalars [5] , or conducting MHD fluids [6, 7] using both tensorial and vectorial formalisms corresponding to the total energy and cross-helicity conservation. In recent years, a number of theoretical efforts have been dedicated to the derivation of exact statistical relations for astrophysical or space plasmas starting from incompress-
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ible Hall MHD, electron MHD, to compressible (supersonic) hydrodynamics and MHD [8, 9, 10, 11, 12] . Following the tensorial formalism of von Kármán & Howarth, isotropic exact laws have also been obtained for helical turbulence both in hydrodynamics and MHD [13, 14, 15] , but the final relations are not expressible exclusively in terms of two-point fluctuations (i.e. increments) and 25 therefore cannot readily be amenable to spectral prediction or phenomenological interpretation. However, using vector algebra, we have recently derived helical exact relations for Hall MHD [16] which can be expressed purely in terms of two-point fluctuations.
In the present paper, we follow the same methodology as in [16] to derive 30 various exact relations for some inviscid invariants in three-dimensional homogeneous incompressible hydrodynamic, standard and Hall MHD turbulence in the limit of infinitely large kinetic and magnetic Reynolds numbers R e and R m respectively. We also discuss the relevance of these new expressions for space plasmas where the assumption of statistical isotropy does not hold. 35 1. Incompressible hydrodynamic turbulence
Conservation of energy
We start with an alternative form [17] of Navier-Stokes equations
where P T = P +u 2 /2, P being the fluid pressure, ω = ∇×u the vorticity vector, ν the coefficient of kinematic viscosity and f u represents a large-scale stationary forcing. In this section, we shall derive an exact relation corresponding to the conservation of the kinetic energy E K = u 2 /2 dτ , τ being the volume of integration. As usual [18] , we will implicitly assume that u is a fluctuating velocity field (i.e. u = 0). The two-point (symmetric) correlators for the kinetic energy are defined as
where the prime denotes variables at point x ′ (see the comment after Eq. (1)). The evolution equation of the correlators is then given by
where
By incompressibility and statistical homogeneity, we get
and similarly u ′ · ∇P T = 0, hence the form (6) . Now, we consider a statistical stationary state for which
For length-scales well inside the inertial range, we can neglect the dissipative term and obtain
where F ≃ 2ε (large-scale forcing). After simple manipulations, we obtain the final form of the exact relation
where we have used the relations (u × ω) · u = 0 and ( 9) is the first result of our paper. This gives a divergence free exact relation for homogeneous incompressible turbulence without any prior assumption of statistical isotropy. Unlike the four-fifths law (1) or its differential form (2), the new expression does not involve a third-order structure function but a mixed second-order structure function. Hence, the evaluation of ε becomes easier since the statistical convergence is expected to be faster for lower order moment [19] . In this case an estimation of ε can be obtained directly from the measurement of the scalar product of the fluctuations of the Lamb vector, −(u × ω), with the velocity. From this new divergence free form, we see that the mean turbulent energy flux vanishes when the system satisfies the Beltrami conditions (i.e. u ω). But this is an extreme situation which demands to satisfy the alignment condition at every points of the turbulent fluid which is unlikely to happen naturally. Note that for a state of Beltrami flow, the kinetic energy is minimum (and the kinetic helicity maximum) and so this indicates a state of stability thereby corresponding to zero turbulent flux. We can also check the compatibility with Eq. (2). Using the fact
we find
After some re-arrangements, one can recover the primitive form of the Kolmogorov's law (2) for incompressible hydrodynamic turbulence. The physical reason behind this expression is inherent to the Lamb formulation of NavierStokes Eq. (3). Indeed, the average kinetic energy satisfies the following equation
which clearly shows that there is no contribution from the Lamb vector (and also from the pressure term -after Gauss' divergence theorem). For the energy correlators, the situation is different because we have
The term under the divergence still vanishes but the contribution from the Lamb vector is non-zero which shows that the turbulent energy flux rate is 40 fundamentally governed by the so-called vortex force.
An important comment has to be made about the assumption u = 0 used through our derivation. Indeed, if we introduce a uniform velocity field U 0 into expression (9), the law is modified by the presence of an additional term, namely δ(U 0 × ω) · δu . In fact, this new term can be understood as a contribution 45 of the time derivative of the modified expression of the correlator (5), which involves a scalar product between U 0 and the velocity field. Definitively, it is not a contribution that we want to include in the description of turbulence. From Eq. (9), we can easily obtain a scaling law for the Lamb vector: using the fundamental assumption of scale invariance of ε and the relation for velocity
Turbulence under rotation. If the entire system is rotating with the (non uniform) angular velocity Ω, the fluid will experience an additional Coriolis acceleration a c = −2(Ω × u). It is then sufficient to modify Eq. (9) to
where Ω T = ω + 2Ω. In the particular case of a solid body rotation where Ω is constant, we have δ(u × Ω) · δu = (δu × Ω) · δu = 0 and thus Eq. (13) simply reduces to (9). It is well-known that such turbulence deviates from isotropy with a gradual columnar structuring along the rotation axis [20, 21, 22] .
55
An estimation of ε can thus be obtained directly from the measurement of the scalar product of the fluctuations of the Lamb vector with the velocity. This relation is a clear improvement to the model proposed by Galtier [21] where an assumption of critical balance was introduced to integrate Eq. (2) over a given manifold. 60
Conservation of kinetic helicity
In incompressible hydrodynamic turbulence, besides the kinetic energy, there is another inviscid invariant called kinetic helicity whose density is given by
The governing inviscid equations that we need to describe the evolution of this quantity are
with f ω = ∇ × f u . As before, we will implicitly assume that u is a fluctuating velocity field. The symmetric two-point correlators for kinetic helicity are defined as
Following the same line as in the previous subsection, we now calculate
where the dissipation is
In this derivation we have used the relations
Inside the inertial zone (in the limit of a large-scale forcing and a small viscosity), we can thus write
where F K = 2ε K with ε K being the mean rate of kinetic helicity dissipation. Expression (18) is our second new exact relation. Interestingly, it gives an alternative formulation to the law found by Gomez et al. [14] where the assumption of skew isotropy was made at the beginning of the tensorial analysis. In our case, such assumption is not made.
Effect of background rotation. It is straightforward to see the effect of a solid body rotation which corresponds to the substitution of ω in the Navier-Stokes equations by Ω T = ω + 2Ω, where Ω is the rotation rate. Unlike the case of energy, the law is affected by rotation and becomes (see Appendix A)
An interesting question is about the relative importance of the two terms appearing in this law. Direct numerical simulations can be used to check if one term is dominant and if this conclusion depends on the amplitude of the Rossby number [23] . In the limit of fast rotation (small Rossby number) we fall in the 70 regime of weak wave turbulence for which a perturbation theory can be realized [24, 25] . It would be interesting to see, with the help of Eq. (19) , how the regimes of strong and weak wave turbulence, as well as the transition between them, are characterized when kinetic helicity is injected into the system.
Incompressible MHD turbulence
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MHD turbulence is pervasive in astrophysics where ranges of scales available are huge [26] . In the case of the solar wind, in situ measurements are accessible and power law spectral distributions are commonly reported for the velocity and magnetic field fluctuations [27, 28] . Like for neutral fluids, rigorous results are not only needed to better understand the physics of MHD turbulence [29] but 80 also to answer specific questions like the place and the amount of local heating that occurs in the solar wind where data clearly shows that the cooling of the wind with the heliospheric distance is slower than an adiabatic cooling [30] . Turbulence is believed to be a fundamental ingredient in this process because it furnishes naturally a source of local heating through the direct cascade and 85 eventually the heating at small-scales. Exact relations can help in this problem because one is able to measure the field fluctuations with a spacecraft and then obtain the rate of energy dissipation (i.e. the heating) [31] . However, space plasmas are not isotropic [32, 33, 34 ] and therefore it is not easy to use differential relations like Eq. (2) which necessitates multi-point measurements. The derivation of an alternative formulation of exact relations free of the divergence operator is therefore very welcome.
Following the same methodology as above, we shall derive an alternative formulation for the exact relations in standard and Hall MHD turbulence. Hall MHD is a useful simple fluid model when one wants to investigate plasma scales smaller than the ion inertial length d i at which the ions and electrons become dynamically decoupled [35] . For example, in the solar wind d i ∼ 100 km. In this section we first derive the exact law corresponding to the total (kinetic + magnetic) energy conservation in Hall MHD, and then consider the second inviscid and ideal invariant of standard MHD, i.e. the cross-helicity 1 (unlike 100 energy, cross-helicity is no longer conserved in Hall MHD).
Conservation of total energy
For convenience, the magnetic field will be normalized to a velocity. Then, the incompressible Hall MHD equations read
where j = ∇×b denotes the current density, P T = P +u 2 /2 the total pressure, η the magnetic diffusivity, f u and f b are stationary forcing terms. In order to obtain an exact relation for the total energy conservation, we construct (similarly as the hydrodynamic case) the two-point energy correlators as
We will implicitly assume that u and b are fluctuating fields (i.e. u = 0 and b = 0). Then, evidently we calculate the evolution of the correlators
with the dissipation
For a statistical stationary state, and in the limit of a large-scale forcing, small viscosity and small magnetic diffusivity, we finally obtain the following exact relation for Hall MHD turbulence valid in the inertial range
where ε T is the mean rate of total energy dissipation (per unit of mass). Note that this relation is analogous to the one derived in [9] , but here the final form is expressible purely in terms of two-point fluctuations. For length scales larger than the ion inertial length (it is equivalent to take d i → 0), we find the standard MHD regime and the corresponding exact relation is simply given by
which is nothing but an alternative form of [7] . In the limit of very small-scales (ℓ ≪ d i ), we recover practically the inertialess electron MHD limit for which Eq. (26) gets simplified to
The law (28) is interesting for solar wind turbulence because it can be verified accurately using single spacecraft data. Although it includes the current density j, which is defined as the curl of the magnetic field and therefore involves spatial gradient (and hence the multi-spacecraft measure), we can in fact calculate j using its alternative definition as
where n is the ion or electron number density, e is the protonic charge and u i,e denote respectively the ion and electron fluid velocities. All these quantities for the solar wind will be soon available from the current Magnetospheric Multi-
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Scale (MMS/NASA) mission. In fact, this space mission will produce very high resolution (burst modes) plasma data (∼ 150ms for the ions and ∼ 30ms for the electrons) for only short periods of time of only 10 to 20 minutes. Only few moderate samples of 5-8 10 3 points will be available to evaluate the proton and electron velocities, the plasma density and finally, by deduction, the current 110 density j. The question of statistical convergence is therefore crucial in this case to get a precise estimate of the transfer rate ε T . Our new formulation in terms of second-order moment -instead of third-order moment -provides therefore an interesting alternative to measure accurately ε T , which would give a reliable measure of the turbulent heating rate of the solar wind thereby addressing one 115 of the fundamental questions on space plasmas.
Effect of a background magnetic field. It is worthwhile to study the effect of a uniform background magnetic field b 0 on the energy exact relation (26) as very often space plasmas are embedded in such a directive magnetic field. Physically it is also relevant as the total energy is an inviscid invariant of Hall MHD even under the presence of b 0 . In this situation, the governing MHD equations become
The two-point energy correlators are still given by relation (24) (with the assumption u = 0 and b = 0). We obtain
where OT corresponds to the other terms derived previously. Here we see that the presence of a background magnetic field will not modify the analytical form of the law (26) . However, it is well known that it has a strong impact on the nonlinear dynamics with a reduction of the cascade along b 0 (which can be 120 understood by invoking simply the non-invariance of the MHD equations by a Galilean transformation with regards to b 0 ). This apparent inconsistency is solved if we push the analysis to the next order: indeed, as discussed in [36] the equation for the time evolution of the third-order correlation depends explicitly on b 0 , and hence so does the time-scale associated. Then, the second-order 125 correlation depends implicitly on b 0 , which may have therefore an impact on the nonlinear dynamics.
Cross-helicity conservation
The second invariant of standard MHD is the cross-helicity whose density is given by H C = u · b. (Note that it is not an invariant of Hall MHD.) The derivation is similar to that of the preceding subsection and thus we just give the result of our calculation,
where ε C is the mean rate of cross-helicity dissipation (per unit of mass). The conditions of application of this alternative law are the same as above. However, 2 . Finally, note that the introduction of the traditional Elsasser fields, u ± b, does not lead to a simple expression (this is also true for the total energy) and therefore we do not use it.
Conclusion
In this paper we have derived an alternative form for some exact relations 140 in the framework of homogenous (not necessarily isotropic) hydrodynamic and MHD turbulence. The new forms are free of the divergence operator and are therefore well adapted to anisotropic turbulence that is found naturally in a fluid under rotation or in space plasmas where a background magnetic field is present. Unlike the classical exact relations, our alternative formulations involve 145 only second-order correlations which should lead to a faster statistical convergence. This property may become crucial in some cases like for the measure of the heating rate in the solar wind. The current formulation presents the turbulent cascade as a deviation of Beltrami-type alignments. We also see that the Lamb vector (ω × u) plays a key role in the energy and kinetic helicity 150 cascade. Likewise, for MHD turbulence the Lamb vector and two additional vectors (u × b) and (j × b) play the central role in the cascading process for both energy and cross-helicity. In addition, by virtue of Eq. (28), one can directly measure the energy dissipation rate in space plasmas at sub-ion scales only by using single spacecraft data as here we only need b and j for evaluating 155 ε T . A precise measurement of this quantity is important in collisionless plasmas where the fate of the energy is not well known since the dissipation is likely to occur in a range of scales [37] . Therefore, the evaluation of ε T at different scales may give a strong constraint to theoretical models.
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Appendix A. Effects of a background rotation in hydrodynamics
In this appendix we derive the exact law for the kinetic helicity conservation (hydrodynamic turbulence) when a uniform background rotation is considered. The governing inviscid equations are then
where P T is the total pressure including the centrifugal term, Ω T = 2Ω + ω where Ω is the constant rotating rate. As before, we will implicitly assume that there is no background velocity field. We obtain
Appendix B. Effect of background magnetic field on the cross-helicity
Unlike the case of total energy, the presence of a uniform background magnetic field b 0 alters the exact relation for the cross-helicity conservation. Following the same methodology as above, we can show that
where OT C represents the right hand side term in Eq. (33) .
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